The approximate bound state solutions of the Schrodinger equation with shifted Deng-Fan potential was obtained via proper quantization rule. The energy spectra for the homogenous diatomic molecules (H2, I2); the heterogeneous diatomic molecules (CO, HCl, LiH); the neutral transition metal hydrides (ScH, TiH, VH, CrH); the transition-metal lithide (CuLi); the transitionmetal carbides (TiC, NiC); the transition-metal nitrite (ScN) and the transition-metal fluoride (ScF) were calculated. By applying Hellmann-Feynman theorem, the expression for the expectation values of the square of inverse of position −2 , potential energy V, kinetic energy T and the square of momentum 2 were derived and the numerical values for diatomic molecules were presented. The result is reliable and very consistent with the available ones in the literature.
Introduction
The study on molecular dynamics and spectroscopy has been the subject of interest in recent time by some researchers in the field of chemistry and molecular physics. This is because it provides explanations about the dynamics and physical properties of some classes of molecules and that the potential energy involved are used to understand the bonding between two atoms [1] [2] . The solutions of Schrödinger equation with different potential models of interest have been employed to proffer insight, explanations and predictions to the behaviour of some class of molecules [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . One of these potentials is the shifted Deng-Fan potential model [15] [16] which has been extensively used to explain bound and scattering states in quantum mechanics.
In literature, this shifted Deng-Fan potential has been used to obtain the approximate bound state solutions of the radial Schrödinger equation within the framework of parametric NikiforovUvarov method [15] . The ro-vibrational energy levels for H2, LiH, CO and HCl diatomic
E-mail:
+1 oluwatimilehin.oluwadare@fuoye.edu.ng; +2 kjoyewumi66@unilorin.edu.ng molecules were presented. Oyewumi et al. 2014 also studied the thermodynamics properties and the approximate solutions of the Schrödinger equation with this potential using asymptotic iteration method and applied their results to obtaining thermodynamic properties of some diatomic molecules [16] .
In this present work, we are motivated to apply Hellmann -Feynman theorem to energy spectra and obtain the expectation values of some quantum mechanical observables ( −2 , V, T and
2 ) for some classes of diatomic molecules (HCl, LiH, H2, ScH, TiH, VH, CrH, CuLi, TiC, NiC, ScN, ScF & I2) by using the shifted Deng-fan potential model as a tool for predictions.
The work is organized as follows; in Section 2, the proper quantization rules is briefly reviewed. The energy levels for the shifted Deng-Fan potential and the corresponding expectation values for some quantum mechanical observables are obtained and calculated numerically in Section 3. Finally, some concluding remarks are given in Section 4.
Overview of the Proper Quantization Rule
This method find its applications in various field of Physics including Mathematical, Nuclear, Atom, Chemical and Molecular Physics. The proper quantization rule is a simple, powerful and most suitable tools for obtaining bound state energy spectra of physically solvable potentials.
Several authors, in different dimensions and contexts, have successfully applied this method to bound states problems [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
The well-known one dimensional Schrödinger equation may be written as where ( ) = ′ ( )/ ( ) is the logarithmic derivative of the wave function ( ).
According to Yang [19] in his explanation on monopoles: "For the Sturm-Liouville problem, the fundamental trick is the definition of a phase angle which is monotonic with respect to the energy".
For the Schrödinger equation, the phase angle is the logarithmic derivative ( ). From eq. (2.2), ( ) decreases monotonically with respect to between two turning points, where ≥ ( ).
Specifically, as increases across a node of wave function ( ), ( ) decreases to −∞, then jump to +∞, and later decreases again.
Ma and Xu [17, 18] carefully studied one dimensional Schrödinger equation and generalized this exact quantization rule to a three dimensional radial Schrödinger equation with the spherically symmetric potential by making simple mappings → and ( ) → ( ) as:
where and are two turning points determined by = ( ). The = + 1 is the number of nodes of ( ) in the region ≥ ( ), and is larger by one than the number of nodes of the wave function ( ). The first term is the contribution from the nodes of the logarithmic derivative of wave function and the second is called the quantum correction.
Ma and Xu [17, 18] found that, for all well-known exactly solvable quantum systems, this quantum correction is independent of the number of nodes of wave function. This implies that quantum correction is the same for all bound states. Consequently, it is enough to consider the ground state in calculating the quantum correction
The calculations of two integrals in (2.3) and (2.4), particularly, the calculation of quantum correction term are very difficult and tedious for some physical potentials. To overcome this, Serrano et al [26] [27] have proposed proper quantization rule as follows: 5) where they have taking = 1, i.e., = 0 in eq. (2.3). Consequently, the complicated quantum correction turns to
Finally, by inserting Eq. (2.6) into eq. (2.3), we obtain the following integral
Eq. (2.7) is the well known as the proper quantization rule. The two integrals involved in proper quantization rule have the same mathematical form. Accordingly, when applying it to calculate the energy levels, we can calculate its first integral with respect to ( ), and then replace energy levels in the result by the ground state energy 0 to obtain the second integral. This will greatly simplify the complicated integral calculations occurred previously [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
Application of Proper Quantization Rule to radial Schrödinger equation with spherically symmetric shifted Deng-Fan potential
The shifted Deng-Fan exponential-type potential that is under investigation is defined [16] as
where is the dissociation energy, is the equilibrium inter-nuclear distance, is the radius or range of the potential and is the position of minimum .
The radial Schrödinger equation with this potential can be expressed as:
with the effective potential The two turning points and are obtained by solving for ( ) − = 0:
with the following properties
The momentum ( ) between the two turning points can be evaluated as
The non-linear Riccati equation for the ground state (2.2) can be written as:
By considering the monotonic property, the Logarithmic derivative of 0 ( ) for the ground state has one node and no pole, so it has to take a linear form in . Therefore, we assume a trial solution of the form 0 ( ) = + and substituting it into Eq. (3.10) we obtain the following equation
Comparing the LHS and RHS of equation (3.11) and solving for , we obtain the values of and as: In order to obtain the energy levels of all the bound states, we consider the following useful integrals [26] ∫ {[
Consequently, the integral of the momentum ( ) and 0 ( ) are thus evaluated respectively as: 18) provided that the associated normalized eigenfunctions ( ) is continuous with respect to the parameter [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] .
The Shifted Deng -Fan molecular potential given in (3.1) may be written as
The The spectroscopic parameters are taken from [12, 16] , also, the following conversion 1amu=931.494028 / 2 [12, 16] and ħ = 1973.29 Å [12, 16] are used throughout the computations. Table 3 : The energy spectra , (eV) and expectation values of 〈 −2 〉 ,〈 〉 , 〈 〉 and 〈 2 〉 corresponding to the shifted Deng -Fan molecular potential with various and quantum numbers for ScN diatomic molecule. Table 11 : The energy spectra , (eV) and expectation values of 〈 −2 〉 , 〈 〉 , 〈 〉 and 〈 2 〉 corresponding to the shifted Deng -Fan molecular potential with various and quantum numbers for CO diatomic molecule. 
